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We show that a temperature gradient induces an ac electric current in multiferroic insulators when the sample
is embedded in a circuit. We also show that a thermal gradient can be used to move magnetic skyrmions in
insulating chiral magnets: the induced magnon flow from the hot to the cold region drives the skyrmions in
the opposite direction via a magnonic spin transfer torque. Both results are combined to compute the effect
of skyrmion motion on the ac current generation and demonstrate that skyrmions in insulators are a promising
route for spin caloritronics applications.
PACS numbers: 75.70.Kw, 75.10.Hk, 75.70.Ak, 75.85.+t
The possibility of inducing magnon currents with thermal
gradients in magnetically ordered insulators is attracting con-
siderable attention for its promise in spin caloritronics. [1] For
finite magnetoelectric coupling, the magnon current creates
oscillations in the electric polarization, implying that an os-
cillating current is generated if the sample is embedded in an
electric circuit. This simple observation suggests that the abil-
ity to induce spin currents with thermal gradients can also be
exploited for other applications. The recent discovery of sta-
ble spin textures called skyrmions in magnetic insulators with-
out inversion symmetry (e.g. Cu2OSeO3) [2, 3] posed a chal-
lenge for moving and manipulating these textures in insulating
materials. Because Cu2OSeO3 exhibits a finite magnetoelec-
tric coupling, it is important to study how skyrmions respond
to a thermal gradient and the effect of skyrmion motion on the
electric polarization.
Skyrmions were predicted to be stable in chiral magnets
without inversion symmetry. [4–6] The triangular skyrmion
crystal was first observed experimentally in metallic bulk [7]
and thin films [8, 9]. In a metal, conduction electrons inter-
act with the local magnetic moments and drive the skyrmion
via spin transfer torque. [10] The threshold current to make
skyrmions mobile is low, [11–13] thus skyrmions are very
promising for applications in spintronics.
Dissipation due to the conduction electrons is absent in in-
sulators, where the dominant dissipation mechanism is the
weak Gilbert damping of the spin precession. Therefore,
skyrmions that emerge in insulating materials are attractive
for applications that require low energy dissipation. Further-
more, the finite magnetoelectric coupling that is intrinsic to
skyrmion textures opens the possibility of manipulating these
magnetic structures with external electric fields. [2, 14] [15]
In analogy with the thermal control of magnetic domain walls
in insulators [1, 16–20], we propose to drive skyrmions with
a magnon current induced by a thermal gradient.
We study the dynamics of skyrmions in insulating chiral
magnets under the presence of a thermal gradient and find that
skyrmions move from the cold to the hot region due to the
magnonic spin transfer torque generated by the temperature
gradient (spin Seebeck effect). We also present a phenomeno-
logical description of skyrmion dynamics with a monochro-
matic magnon current. We then compute the dynamics of
electric polarization P that produces an electric ac current den-
sity dP/dt when the insulator is embedded in a closed circuit.
The role of the skyrmion motion on the ac current generation
is clarified. Finally, when the temperature in the hot region is
high enough to induce a local paramagnetic state, we find that
skyrmions are continuously generated by thermal fluctuations
and then diffuse into the cold region.
We consider a thin film of insulating chiral magnet with
thickness d (Fig. 1), which is described by the Hamiltonian
[4–6, 21, 22],
H =
∫
dr2
[ Jex
2
(∇n)2 + Dn · (∇ × n) −Ha · n
]
, (1)
where Jex is the exchange interaction, D is the Dzyaloshinskii-
Moriya (DM) interaction [23–25], which is generally present
FIG. 1. (color online) Schematic view of the motion of a skyrmion
in the presence of a temperature gradient. The temperature gradient
excites a magnon current flowing from the hot to the cold region,
which drives the skyrmion opposite to the magnon current direction.
The skyrmion motion changes the electric polarization, which gen-
erates an ac current when the insulating magnet is embedded in a
closed circuit.
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2FIG. 2. (color online) (a) Trajectory of the skyrmion center of mass
in the presence of a temperature gradient. Here ∆T/(Lxd) = 0.003
and α = 0.1. (b) Average drift velocity as a function of temperature
gradient. The curves are obtained by averaging over 8 independent
runs. (c) Schematic view of the magnonic spin transfer torque and
the dynamics of the skyrmion.
in magnets without inversion symmetry and n is a unit vector
denoting the spin direction and r = (x, y). The system is
assumed to be uniform along the z direction for thin films.
The external fieldHa = Hazˆ is perpendicular to the film and its
magnitude is fixed at Ha = 0.6D2/Jex to stabilize the skyrmion
phase. [22] The spin dynamics is governed by the Landau-
Lifshitz-Gilbert equation [26]
∂tn = −γn × (Heff + H˜) + α∂tn × n, (2)
where Heff ≡ −δH/δn = Jex∇2n−2D∇×n+Ha, γ = a3/(~s),
a is the lattice constant and s the magnitude of local spins.
H˜ is the fluctuating magnetic field that introduces thermal
fluctuations and consequently satisfies the local fluctuation-
dissipation theorem: 〈H˜〉 = 0 and
〈H˜µ(r, t)H˜ν(r′, t′)〉 = 2kBT (r)αdγ δµ,νδ(r
′ − r)δ(t′ − t), (3)
where T (r) is the local temperature at r, kB is the Boltzmann
constant and µ, ν = x, y, z. Here we have assumed a lo-
cal equilibrium for magnons characterized by spatially depen-
dent temperature T (x) and that the Seebeck effect is driven by
magnons. [16, 27] Depending on the kinetics of the phonons
and magnons, and on their coupling, other effects may come
into play such as the phonon drag spin Seebeck effect [28] and
the nonlinear temperature profile along the sample. [29, 30]
We first study the skyrmion dynamics in the presence of a
finite temperature gradient: T (x = 0) = 0 and T (x = Lx) =
∆T . Note that ∆T is not high enough to induce a local param-
agnetic state on the hot side, and to excite new skyrmions ther-
mally. First we prepare a stationary skyrmion in the ferromag-
netic background state at T (x) = 0, and then turn on the tem-
perature gradient. We calculate numerically [31, 32] skyrmion
position rc =
∫
dr2[n · (∂xn × ∂yn)]r/
∫
dr2[n · (∂xn × ∂yn)],
and its velocity v = r˙c. The corresponding trajectory is shown
in Fig. 2(a). Surprisingly, the skyrmion moves from the cold
towards the hot region. The average velocity depends linearly
on the temperature gradient as shown in Fig. 2(b). Similar
behavior is obtained for many skyrmions. [33]
In magnetically ordered insulators, the heat current is car-
ried both by magnons and phonons [18, 34]. In the same way a
finite temperature gradient induces an electron current in met-
als and produces the conventional Seebeck effect, it also pro-
duces a magnon current in magnetic insulators (magnon flow)
that leads to the so-called spin Seebeck effect. This effect has
been measured in metals [35], semiconductors [36] and insu-
lators [37]. The magnon current carries a magnetic moment
and interacts with the skyrmion via the magnonic spin transfer
torque. Since a skyrmion is topologically equivalent to a mag-
netic bubble, we represent the skyrmion as a bubble domain of
downward spins in a spin up background to illustrate the basic
mechanism [see Fig. 2 (c)]. When the magnon passes through
the skyrmion, the magnetic bubble is displaced by one lattice
constant in the opposite direction of the magnon current to
conserve the magnetic moment, which explains the results in
Fig. 2 (a). Note that the net entropy still flows from the hot
to the cold region, because the density of magnons is higher
than the density of skyrmions.
The thermally excited magnon has all frequency compo-
nents. We will start by considering the interaction between
a monochromatic magnon current and a skyrmion in the ab-
sence of noise H˜ = 0. [38] The magnon decay produced
by damping and the decay length can be obtained from the
magnon dispersion. The initial distance between the skyrmion
and the magnon source is Lx/2 to ensure that the magnon
current is not fully damped out before interacting with the
skyrmion: Lx < 4
√
Jexγ(ωm − Haγ)/(ωmα) ≈ 1 µm for typ-
ical parameters, where ωm is the magnon frequency. The
skyrmion oscillates with frequency ωm and drifts in the op-
posite direction to the magnon current [Fig. 3 (a)]. The drift
velocity increases with the amplitude, A, of the ac driving field
[see Fig. 3 (b)], and it has a nonmonotonic dependence on
ωm. It reaches its maximum value when the wavelength of the
magnon, 2pi/km with km given by ωm = Ω(km), is of the order
of the skyrmion size [Fig. 3 (c)]. This effect could be used
to measure the skyrmion size. The magnon current is quickly
damped for increasing Gilbert damping α and the drift veloc-
ity decreases [Fig. 3 (d)]. For thermally excited magnons, the
oscillation of the skyrmion velocity smears out while the drift
motion remains.
To understand our numerical results we introduce a
phenomenological description of the interaction between
skyrmions and a magnon current. For this purpose we separate
n into a slow component, ns, corresponding to the skyrmion
motion and a fast component, n˜, induced by the magnon cur-
rent: n = ns + n˜. By following the procedure in Ref. [19] and
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FIG. 3. (color online) (a) Oscillation of the skyrmion velocity with
a nonzero dc component in the presence of a magnon current (b-
d). Dependence of the skyrmion velocity on the amplitude A and
frequency ωm of the ac magnetic field applied at the right edge of the
sample x = Lx, which acts as a source of magnon current, and on the
Gilbert damping α. The inset in (d) is the Hall angle as a function of
α. The line is a fit to tan θH in the main text.
coarse-graining over n˜, Eq. (2) becomes
∂tns = αns×∂tns−γns× (J∇2ns−2D∇×ns +Ha)−∂µJµ +Γ,
(4)
with Γ ∝ γDkm|n˜|2 being the contribution from the DM in-
teraction. Here the tensor Jµ = γJexn˜ × ∂µn˜ is the spin cur-
rent density (note that µ = x, y is the spatial coordinate). The
total spin is not conserved, ∂µJµ , 0, because of the pres-
ence of DM interaction and external magnetic fields. Γ can
be neglected for typical parameters, D  Jex/a, and magnon
wavelength much shorter than the skyrmion size [|Γ|/|∂µJµ| ≈
D/(Jexkm)  1]. We note that |ns| = 1 and ns × n˜ = 0
in the linear approximation. In addition, ns × ∂µn˜ ' 0 be-
cause this term is linear in n˜ implying that it must vanish after
coarse-graining in time over the fast oscillations of n˜. There-
fore, we can rewrite the magnon current as Jµ = Jµns with
Jµ = γJex(n˜ × ∂µn˜) · ns, and the magnon spin transfer torque
is given by ∂µJµ ≈ Jµ∂µns. [19]
Equation (4) is equivalent to the case of skyrmion mo-
tion driven by a spin polarized current −Jµ in metals. The
magnonic spin transfer torque is always adiabatic because the
magnetic moment of magnons is antiparallel to the local mo-
ment ns. The Γ term cannot be neglected when the magnon
wavelength becomes comparable to the skyrmion size. In this
case, skyrmions get distorted by the interaction with magnons.
This effect can be accounted for by adding a non-adiabatic
spin transfer torque term to Eq. (4)
∂tns = −γns×Heff+αns×∂tns+(vm·∇)ns−βns×(vm·∇)ns. (5)
The equation for drift motion is derived from Eq. (5) [39, 40]
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FIG. 4. (color online) ac current induced by the skyrmion motion
and magnon current, according to (a) the d-p hybridization and (b)
the inverse DM mechanism. Here α = 0.03, A = 1.0D2/Jex, ωm =
1.0γD2/Jex,
by treating the skyrmion as a rigid particle [41]:
− zˆ × (vm + v) + η(αv − βvm) = 0, (6)
where η = ηµ =
∫
dr2(∂µns)2/(4pi) is the form factor of a
skyrmion. The effective magnon velocity vm and the param-
eter β can be estimated by fitting the skyrmion trajectory ob-
tained from simulations to Eq. (6). Note that the skyrmion
velocity has a component transverse to the temperature gradi-
ent as displayed in Figs. 1 and 2 (a). To linear order in α  1,
we obtain a Hall angle tan θH ≡ v⊥/v‖ = −βη− (η+β2η3)α for
the skyrmion motion, where v⊥ and v‖ are the velocity com-
ponents perpendicular and parallel to the flow direction of the
magnon current. The inset of Fig. 3 (d) shows the depen-
dence of θH on α. By fitting this curve, we obtain β ≈ 0.4 and
η ≈ 1.4, which indicates that the non-adiabatic spin transfer
torque plays an important role in the interaction between the
magnon current and the skyrmion when 2pi/km is comparable
to the skyrmion size.
We next study the electric polarization induced by the
skyrmion motion. For Cu2OSeO3, it was demonstrated ex-
perimentally that the mechanism for the generation of electric
polarization is d-p hybridization [2, 14], which arises from
the interaction between a ligand (oxygen) ion and a transition
metal (copper) ion with a single magnetic moment. [42–44]
Because the electric polarization depends on the direction of
the external magnetic field, we introduce a new coordinate
frame with the z-axis parallel to Ha and the x-axis along the
[1¯01] direction. We consider the case Ha ‖ [110]. The elec-
tric polarization is given by Pdp = P02 (−2nxny, n2z − n2x, 2nynz),
where P0 ≈ 50 µC/m2 for Cu2OSeO3 [14]. In other poten-
tial realization of skyrmion lattices, electric polarization could
also be induced by the mechanism known as inverse DM ef-
fect [45, 46]: PIDM = P0[eˆx × (n × ∂xn) + eˆy × (n × ∂yn)].
If the sample is embedded in a circuit, the time dependent
polarization leads to an ac electric current density Je = ∂tP.
For the inverse DM mechanism, this current density can be
expressed in terms of the magnon current Jµ, Je,IDM(ω) =
Im
[P0ω
γ
[eˆx × Jx(ω) + eˆy × Jy(ω)]
]
. The ac electric current in-
duced by a monochromatic magnon current is shown in Fig. 4.
The electric current has the frequency of the magnon current.
The time average of the induced current vanishes and the am-
4plitude of the ac electric current density is about 5×103 A/m2
for typical parameters. For the d-p hybridization mechanism,
Pdp is finite for collinear spin textures and an ac electric cur-
rent is still induced in the absence of skyrmions. The presence
of skyrmions produces a small change in the electric current.
In contrast, the inverse DM mechanism is absent for collinear
spin textures (PIDM = 0) and skyrmions are then necessary
to induce electric polarization. Because the skyrmion con-
tribution to spin fluctuations is much smaller than that from
magnons, the magnitude of the ac current for the inverse DM
mechanism is much smaller than that for the d-p hybridization
mechanism [see Fig. 4].
Finally, we increase the temperature in the hot region by ∆T
such that the hot region is in the paramagnetic phase, where
skyrmions are created and destroyed dynamically by thermal
fluctuations. Because of the presence of a temperature gra-
dient, some of the created skyrmions diffuse into the cold re-
gion and stabilize there. Skyrmions are driven towards the
cold region by the newly created skyrmions in the hot region
because of an effective repulsion between them. Meanwhile,
the magnon current drives the skyrmions from the cold to the
hot region. However, the repulsive interaction dominates and
skyrmions keep diffusing from the hot to the cold region, as
observed in our simulations. [33]
Skyrmions can also be driven by a temperature gradient in
metallic magnets. In this case, the skyrmion motion induces
an emergent electric field given by E = ~n · (∇n × ∂tn) /2e,
[10] i.e. there is a skyrmion Hall voltage induced by the spin
Seebeck effect. The conventional Seebeck effect for electrons
also produces a longitudinal and a Hall voltage in the presence
of an external magnetic field. This electronic contribution is
dominant because the electron carrier density is much higher
than the density of skyrmions.
In inhomogeneous systems, there is a random pinning po-
tential for skyrmions. Then, a threshold temperature gra-
dient or a magnon current density is required to move the
skyrmions. We can estimate the threshold temperature gra-
dient by using the depinning current density measured for
metallic magnets, expecting that the pinning potential is sim-
ilar for insulators and metals. By using typical parameters
and the results shown in Fig. 2, we estimate the velocity to
be 0.1 m/s for a temperature gradient ∆T/Lx ≈ 0.04 K/nm
and a film thickness of d ≈ 10 nm. The required current
density to achieve a similar velocity in metallic magnets by
a spin-polarized current is J ≈ 109 A/m2, i.e., much larger
than the typical depinning current J ≈ 106 A/m2. Thus, the
skyrmion can be depinned at a temperature gradient larger
than ∆T/Lx & 4 × 10−5 K/nm. We note that local thermal
fluctuations are also helpful for skyrmions to creep from the
pinning sites.
To summarize, we have studied the generation of an ac cur-
rent and the motion of skyrmions in insulating chiral mag-
nets subject to a temperature gradient. The skyrmions move
from the cold to the hot region because of the magnonic spin
transfer torque. When the temperature of the hot region is
high enough to induce a local paramagnetic state, skyrmions
are created by thermal fluctuations and diffuse into the cold
region. The generation of the ac current by a thermal gra-
dient does not depend on the presence of skyrmions for the
magneto-electric coupling that arises from the d-p hybridiza-
tion mechanism. However, for the inverse Dzyaloshinskii-
Moriya mechanism, an ac current is induced only when
skyrmions are present to render the spin texture non-collinear.
Our results indicate that skyrmions in insulating chiral mag-
nets are promising for spin caloritronics applications.
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Note added in proof – After completion of the present work,
we become aware of the similar results on the motion of a
Skyrmion in the presence of a temperature gradient in Ref.
[47]. However the usual diffusion of Skyrmions and the in-
duced electric current due to the magnetoelectric coupling are
not discussed in Ref. [47]. The non-adiabatic magnonic spin
transfer torque proposed in Eq. (5) is derived systematically
in Ref. [48].
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